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NONEXISTENCE OF TIME-PERIODIC SOLUTIONS OF
THE DIRAC EQUATION IN NONEXTREME
KERR-NEWMAN-ADS SPACETIME
YAOHUA WANG AND XIAO ZHANG
Abstract. In non-extreme Kerr-Newman-AdS spacetime, we prove that
there is no nontrivial Dirac particle which is Lp for 0 < p ≤ 4
3
with ar-
bitrary eigenvalue λ, and for 4
3
< p ≤ 4
3−2q
, 0 < q < 3
2
with eigenvalue
|λ| > |Q| + qκ, outside and away from the event horizon. By taking
q = 1
2
, we show that there is no normalizable massive Dirac particle
with mass greater than |Q| + κ
2
outside and away from the event hori-
zon in non-extreme Kerr-Newman-AdS spacetime, and they must either
disappear into the black hole or escape to infinity, and this recovers the
same result of Belgiorno and Cacciatori in the case of Q = 0 obtained by
using spectral methods. Furthermore, we prove that any Dirac particle
with eigenvalue |λ| < κ
2
must be L2 outside and away from the event
horizon.
1. Introduction
In [7], Finster, Kamran, Smoller and Yau proved nonexistence of time-
periodic solutions of the Dirac equation in non-extreme Kerr-Newman space-
time, which are normalizable outside and away from the event horizon. The
method is to use Chandrasekhar’s separation of the Dirac equation [4, 5].
The results have significant physical implication that a quantum mechanical
Dirac particle must either disappear into the black hole or escape to infinity.
However, the situation is more complicated when the cosmological con-
stant is nonzero. In this paper, we study the corresponding problem for
non-extreme Kerr-Newman-AdS spacetime which equips with the following
metric
g˜KNAdS =−
[
1− 2mr −Q
2 − P 2
U
+ κ2
(
r2 + a2 sin2 θ
)]
dt2
+
V
U
sin2 θdϕ2 +
U
∆r
dr2 +
U
∆θ
dθ2
− 2a sin2 θ
[
2mr −Q2 − P 2
U
− κ2(r2 + a2)] dtdϕ,
1
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for some κ > 0, m > 0, where
∆r =
(
r2 + a2
)(
1 + κ2r2
)− 2mr +Q2 + P 2,
∆θ = 1− κ2a2 cos2 θ, U = r2 + a2 cos2 θ,
V = (2mr −Q2 − P 2)a2 sin2 θ + U(r2 + a2)(1− κ2a2).
The metric solves the Einstein-Maxwell field equations with an electromag-
netic vector potential given by
A =− Qr√
U
√
| ∆r |
U
(
dt− a sin
2 θ
Ξ
dϕ
)
+
P√
U
cot θ
1√
U∆θ
(
a sin θdt+
Ξ
sin θ
dϕ
)
where Ξ = 1−κ2a2. For our convenience, we re-write the Kerr-Newman-AdS
metric as
g˜KNAdS =− ∆r
U
(
dt− a sin
2 θ
Ξ
dϕ
)2
+
U
∆r
dr2 +
U
∆θ
dθ2
+
∆θ sin
2 θ
U
[
adt− (r
2 + a2)
Ξ
dϕ
]2
.
If m > 0, ∆r has either four complex roots or two real roots on r ≥ 0.
Throughout the paper, we assume Kerr-Newman-AdS spacetime is non-
extreme, i.e., ∆r has two different real roots 0 < rc < re, r = rc is the
Cauchy horizon and r = re is the event horizon. We also denote Mr1 the
time slice {t = constant} of Kerr-Newman-AdS spacetime with r ≥ r1 > 0.
In this paper, we prove nonexistence of the Dirac equation
(D + iλ)Ψ = 0, D = eα
(
∇˜α + iA(eα)
)
(1.1)
on r > 0 for real eigenvalue λ such that Ψ is Lp on Mr1 for 0 < p ≤ 43 with
some r1 > re, where Ψ takes the form
Ψ = S−1Φ, Φ = e−i(ωt+(k+
1
2
)ϕ)

X−(r)Y−(θ)
X+(r)Y+(θ)
X+(r)Y−(θ)
X−(r)Y+(θ)
 (1.2)
and S is a diagonal matrix
S = |∆r|
1
4 diag
(
(r+ ia cos θ)
1
2 , (r+ ia cos θ)
1
2 , (r− ia cos θ) 12 , (r− ia cos θ) 12
)
which vanishes on the event horizon. We also prove nonexistence of eigen-
spinor Ψ with eigenvalue |λ| > |Q| + qκ and Ψ is Lp over Mr1 for 0 < p ≤
4
3−2q , 0 < q <
3
2 with some r1 > re.
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Following from [6, 7], we say that a wave function Ψ is time-periodic with
period T if there is a real parameter Ω such that
Ψ(t+ T, r, θ, ϕ) = e−iΩTΨ(t, r, θ, ϕ).
For time-periodic wave functions, we can separate out the time dependence
in a discrete Fourier series
Ψ(t, r, θ, ϕ) = e−iΩT
∑
n,k∈Z
∑
λnk∈R
e−i(
2npi
T
t+(k+ 1
2
)ϕ)Ψλnk ,
Ψλnk = S−1Φλnk , Φλnk =

X
λnk
− (r)Y
λnk
− (θ)
X
λnk
+ (r)Y
λnk
+ (θ)
X
λnk
+ (r)Y
λnk
− (θ)
X
λnk
− (r)Y
λnk
+ (θ)
 .
The Dirac wave function Ψ is normalizable if it is L2 over Mr1 for some
r1 ≥ re > 0. By taking q = 12 in the above nonexistence of the Dirac
equation, it indicates that there is no normalizable massive Dirac particle
with mass greater than |Q|+ 12κ outside and away from the event horizon in
non-extreme Kerr-Newman-AdS spacetime, and they must either disappear
into the black hole or escape to infinity.
Although it contradicts with recent cosmological observations which in-
dicated that our universe should have a positive cosmological constant, the
negative cosmological constant as well as the results in the paper may have
some physical implications in the theory of strongly coupled superconduc-
tors based on the point of view of Anti-de Sitter/Conformal Field Theory
correspondence. We refer to the recent introductory overview of relevant
theory [2] and references therein.
2. Spin connections on Kerr-Newman-AdS spacetime
In this section we discuss spin connections for Kerr-Newman-AdS space-
time in terms of Cartan’s structure equations. These results are essentially
well-known in the literature. Denote the frame of the Kerr-Newman-AdS
metric
e0 =
√
| ∆r |
U
(
dt− a sin
2 θ
Ξ
dϕ
)
, e1 =
√
U
| ∆r |dr,
e2 =
√
U
∆θ
dθ, e3 =
√
∆θ
U
sin θ
[
adt− (r
2 + a2)
Ξ
dϕ
]
and its dual frame
e0 =
r2 + a2√
U | ∆r |
(
∂t +
aΞ
r2 + a2
∂ϕ
)
, e1 =
√
| ∆r |
U
∂r,
e2 =
√
∆θ
U
∂θ, e3 = − 1√
U∆θ
(
a sin θ∂t +
Ξ
sin θ
∂ϕ
)
.
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It is straightforward to derive the connection 1-form
de0 = C010e
1 ∧ e0 + C020e2 ∧ e0 + C023e2 ∧ e3,
de1 = C112e
1 ∧ e2, de2 = C212e1 ∧ e2,
de3 = C310e
1 ∧ e0 + C313e1 ∧ e3 + C323e2 ∧ e3
where
C010 = ∂r
√
| ∆r |
U
, C020 = −
√
∆θ∂θ
1√
U
,
C112 = −
√
∆θ
U
∂θ
√
U, C212 =
√
| ∆r |
U
∂r
√
U,
C310 = −2ar
√
∆θU
− 3
2 sin θ, C023 = 2a
√
| ∆r |U−
3
2 cos θ,
C313 = −
√
| ∆r |∂r
√
1
U
, C323 =
1
sin θ
∂θ
(√
∆θ
U
sin θ
)
.
By Cartan’s structure equations, we obtain
ω01 = C
0
10e
0 − 1
2
C310e
3 = −ω01, ω02 = C020e0 +
1
2
C023e
3 = −ω02,
ω12 = −C112e1 − C212e2 = ω12, ω03 = −
1
2
C310e
1 − 1
2
C023e
2 = −ω03,
ω13 = −
1
2
C310e
0 − C313e3 = ω13, ω23 =
1
2
C023e
0 − C323e3 = ω23.
Thus spin covariant derivatives take the following forms
∇˜e0Ψ =e0Ψ−
1
2
ω01(e0)e
0 · e1 ·Ψ− 1
2
ω02(e0)e
0 · e2 ·Ψ
− 1
2
ω13(e0)e
1 · e3 ·Ψ− 1
2
ω23(e0)e
2 · e3 ·Ψ,
∇˜e1Ψ =e1Ψ−
1
2
ω03(e1)e
0 · e3 ·Ψ− 1
2
ω12(e1)e
1 · e2 ·Ψ,
∇˜e2Ψ =e2Ψ−
1
2
ω03(e2)e
0 · e3 ·Ψ− 1
2
ω12(e2)e
1 · e2 ·Ψ,
∇˜e3Ψ =e0Ψ−
1
2
ω01(e3)e
0 · e1 ·Ψ− 1
2
ω02(e3)e
0 · e2 ·Ψ
− 1
2
ω13(e3)e
1 · e3 ·Ψ− 1
2
ω23(e3)e
2 · e3 ·Ψ.
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From now on, we fix the following Clifford representation
e0 7→

1
1
1
1
 , e1 7→

−1
1
1
−1
 ,
e2 7→

1
1
−1
−1
 , e3 7→

i
−i
−i
i

for ∆r > 0, and fix the following Clifford representation
e0 7→

−1
1
1
−1
 , e1 7→

−1
−1
−1
−1
 ,
e2 7→

1
1
−1
−1
 , e3 7→

i
−i
−i
i

for ∆r < 0. The spin connections are
∇˜αΨ =eαΨ+ Eα ·Ψ,
for ∆r > 0, where
E0 = −1
2

C010 +
i
2C
0
23 −C020 − i2C310 0 0
−C020 − i2C310 −C010 − i2C023 0 0
0 0 −C010 + i2C023 C020 − i2C310
0 0 C020 − i2C310 C010 − i2C023
 ,
E1 = −1
2

0 −C112 + i2C310 0 0
C112 − i2C310 0 0 0
0 0 0 −C112 − i2C310
0 0 C112 +
i
2C
3
10 0
 ,
E2 = −1
2

0 −C212 + i2C023 0 0
C212 − i2C023 0 0 0
0 0 0 −C212 − i2C023
0 0 C212 +
i
2C
0
23 0
 ,
E3 = −1
2

−12C310 − iC323 −12C023 − iC313 0 0
−12C023 − iC313 12C310 + iC323 0 0
0 0 12C
3
10 − iC323 12C023 − iC313
0 0 12C
0
23 − iC313 −12C310 + iC323
 .
The spin connections can be derived in a similar way for ∆r < 0.
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3. The Dirac equation and nonexistence
In this section, we use the method in [6, 7] to prove certain nonexistence
of the Dirac equation on non-extreme Kerr-Newman-AdS spacetime. Using
Clifford representations for ∆r > 0, the Dirac equation (1.1) reduces to the
following equation
D1φ = D2φ, φ =

X−(r)Y−(θ)
X+(r)Y+(θ)
X+(r)Y−(θ)
X−(r)Y+(θ)

where
D1 =

−iλr 0 √∆rDr+ 0
0 iλr 0
√
∆rDr−√
∆rDr− 0 iλr 0
0
√
∆rDr+ 0 −iλr
 ,
D2 =

aλ cos θ 0 0
√
∆θLθ+
0 −aλ cos θ −√∆θLθ− 0
0
√
∆θLθ− aλ cos θ 0
−√∆θLθ+ 0 0 −aλ cos θ

with
Dr± =
∂
∂r
∓ i
∆r
(
ω(r2 + a2) +Qr
√
∆r + (k +
1
2
)Ξa
)
,
Lθ± =
∂
∂θ
∓ 1√
∆θ
(
ωa sin θ +
(k + 12)Ξ
sin θ
− P cot θ
√
∆θ
)
+
1
2
(
cot θ +
κ2a2 sin θ cos θ
∆θ
)
.
Thus there exists a real constant ǫ such that
dX+(r)
dr
− iα1X+(r)− (iβ1 + γ1)X−(r) = 0,
dX−(r)
dr
+ iα1X−(r) + (iβ1 − γ1)X+(r) = 0
(3.1)
where
α1 =
1
∆r
(
ω(r2 + a2) +Qr
√
∆r + (k +
1
2
)Ξa
)
,
β1 =
λr√
∆r
, γ1 =
ǫ√
∆r
.
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Similarly, we could get the radial equation for ∆r < 0:
dX+(r)
dr
− iα2X+(r)− (iβ2 + γ2)X−(r) = 0,
dX−(r)
dr
+ iα2X−(r)− (iβ2 + γ2)X+(r) = 0
(3.2)
where
α2 =
1
∆r
(
ω(r2 + a2) +Qr
√
−∆r + (k + 1
2
)Ξa
)
,
β2 =
λr√−∆r
, γ2 =
ǫ√−∆r
.
Same as [6, 7], we can show that X+ = 0 or X− = 0 on the horizons can
match the solution inside and outside the horizons. Let Ψ be the solution
of (1.1) taking the form (1.2). Denote ⋆ = e0 · e1· ∈ End(S), As ⋆2 = id, S
can be decomposed as S = S+ ⊕ S− where
S
± =
{
Φ± =
1
2
(id∓ ⋆·)Φ
}
.
We say that Φ satisfies the local boundary condition on horizons either
Φ+ = 0 or Φ− = 0 on horizons. Since
e0 · e1 =

1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1
 ,
that X± = 0 is equivalent to Φ
± = 0 on horizons.
Theorem 3.1. Let Ψ be the solution of (1.1) taking the form (1.2) on r > 0
in non-extreme Kerr-Newman-AdS spacetime. For 0 < p ≤ 43 , there is no
nontrivial Ψ for arbitrary λ which is Lp over Mr1 with some r1 > re.
Proof: The equation (3.1) implies
∂Φ
∂r
= E · Φ, (3.3)
where
E =

iα1 0 iβ1 + γ1 0
0 −iα1 0 −iβ1 + γ1
−iβ1 + γ1 0 −iα1 0
0 iβ1 + γ1 0 iα1
 .
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Therefore,
∂
∂r
|Φ|2 =Φ¯t (E + E¯t)Φ
=2Φ¯t

0 0 iβ1 + γ1 0
0 0 0 −iβ1 + γ1
−iβ1 + γ1 0 0 0
0 iβ1 + γ1 0 0
Φ.
So there exist some positive constants C1, r1 such that, on re < r ≤ r1,∣∣∣∣ ∂∂r |Φ|2
∣∣∣∣ ≤ 2C1(r − re)β|Φ|2
for some β > −1. Thus, outside the zero set of Φ,
|Φ(r)| ≤ |Φ(s)| exp
(
C1
∫ r
s
(r¯ − re)βdr¯
)
.
By taking r → re, we conclude |Φ| <∞ on r = re. Moreover, taking s→ re,
we find |Φ| = 0 on re < r ≤ r1 if |Φ| = 0 on r = re. On the other hand, by
(3.1), we have
1
2
d
dr
(
|X+|2 − |X−|2
)
=ℜ
(
dX+
dr
X¯+
)
−ℜ
(
dX−
dr
X¯−
)
=ℜ ((iα1X+ + (iβ1 + γ1)X−) X¯+)
−ℜ ((−iα1X− + (−iβ1 + γ1)X+) X¯−)
=ℜ (iα1 (X+X¯+ +X−X¯−))
+ ℜ (iβ1 (X−X¯+ +X+X¯−))
+ ℜ (γ1 (X−X¯+ −X+X¯−)) = 0.
Therefore we obtain
|X+|2 − |X−|2 = C
for some constant C. If C 6= 0, we can assume C > 0 without loss of
generality. Thus ∫
Mr1
|Ψ|p dµ > C ′
∫ ∞
r1
r1−
3p
2 dr =∞
for 0 < p ≤ 43 . This contradicts the assumption that Ψ is Lp. Thus C = 0.
Hence |X+|2 = |X−|2 for r > re. The above discussion shows that |X±| exists
on r = re. So the match condition of the solution gives |X+| = |X−| = 0 on
r = re. Therefore Φ ≡ 0 for r ≥ re.
On rc < r < re, ∆r < 0 and X±(r) satisfy (3.2), and on 0 < r < rc,
∆r > 0 and X±(r) satisfy (3.1). The same argument shows that Φ ≡ 0 for
rc ≤ r ≤ re and 0 ≤ r ≤ rc. Q.E.D.
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Theorem 3.2. Let Ψ be the solution of (1.1) taking the form (1.2) on
r > 0 in non-extreme Kerr-Newman-AdS spacetime. For 43 < p ≤ 43−2q ,
0 < q < 32 , there is no nontrivial Ψ for |λ| > |Q|+ qκ which is Lp over Mr1
with some r1 > re.
Proof: We only prove it for the case λ > |Q| + qκ, and it can be proved
in a similar manner for λ < −|Q| − qκ. By (3.1), we obtain
d
dr
[
i(X¯+X− − X¯−X+)
]
=i
[−iα1X¯+ − (iβ1 − γ1)X¯−]X−
+ i [−iα1X− − (iβ1 − γ1)X+] X¯+
− i [iα1X+ + (iβ1 + γ1)X−] X¯−
− i [iα1X¯− + (iβ1 + γ1)X¯+]X+
=2α1(X¯+X− + X¯−X+) + 2β1(|X+|2 + |X−|2)
≥2(β1 − |α1|)(|X+|2 + |X−|2).
As α1 ∼ Qκr , β1 ∼ λκr for sufficiently large r, there exists a sufficiently large
r2 > r1 such that, for r ≥ r2,
d
dr
[
i
(
X¯+X− − X¯−X+
)] ≥ 2q
r
(|X+|2 + |X−|2). (3.4)
We have already proved that
|X+|2 − |X−|2 = C
for some constant C. If C = 0, then Ψ ≡ 0 from the proof of Theorem 3.1.
Now we assume C 6= 0, then (3.4) gives
d
dr
[
i
(
X¯+X− − X¯−X+
)] ≥ 2q|C|
r
for r ≥ r2. Integrating it, we obtain
i
[
X¯+X− − X¯−X+
] ≥ 2q|C| ln r + C ′
for r ≥ r2. Thus there exists r3 > r2 such that, for r ≥ r3,
i(X¯+X− − X¯−X+) > 0.
On the other hand, (3.4) implies
d
dr
[
i
(
X¯+X− − X¯−X+
)] ≥ 2q
r
i
[
X¯+X− − X¯−X+
]
for r ≥ re. Therefore, for r ≥ r3,
|X|2 ≥ i (X¯+X− − X¯−X+) ≥ C1r2q
for certain constant C1 > 0. Thus, for 0 < p ≤ 43−2q ,∫
Mr1
|Ψ|p dµ > C ′
∫ ∞
r3
r1+(q−
3
2
)pdr =∞
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This gives a contradiction. Hence Ψ ≡ 0 for r ≥ re. Then, similar to the
discussion in Theorem 3.1, we obtain Ψ ≡ 0 for r > 0 (Theorem 3.1 already
gives that Ψ ≡ 0 for 0 < p ≤ 43). Q.E.D.
Corollary 3.1. By taking q = 12 in Theorem 3.2, we obtain that there
is no normalizable massive Dirac particle with mass greater than |Q| + κ2
outside and away from the event horizon in non-extreme Kerr-Newman-
AdS spacetime, and they must either disappear into the black hole or escape
to infinity.
Note that this recovers the same result of Belgiorno and Cacciatori [1] in
the case of Q = 0 obtained by using spectral methods.
Theorem 3.3. Let Ψ be the solution of (1.1) taking the form (1.2) on r > 0
in non-extreme Kerr-Newman-AdS spacetime. Any nontrivial Ψ for |λ| < κ2
must be L2 over Mr1 with some r1 > re.
Proof: In terms of (3.1), we have
1
2
d
dr
(
|X+|2 + |X−|2
)
=ℜ
(
dX+
dr
X¯+
)
+ ℜ
(
dX−
dr
X¯−
)
=ℜ ((iα1X+ + (iβ1 + γ1)X−) X¯+)
+ℜ ((−iα1X− + (−iβ1 + γ1)X+) X¯−)
=ℜ (iα1 (X+X¯+ −X−X¯−))
+ℜ (iβ1 (X−X¯+ −X+X¯−))
+ℜ (γ1 (X−X¯+ +X+X¯−))
=iβ1
(
X−X¯+ −X+X¯−
)
+ γ1
(
X−X¯+ +X+X¯−
)
.
As β1 ∼ λκr and γ1 ∼ ǫκr2 for sufficiently large r, and |λ| < κ2 , there exists a
sufficiently large r2 > r1 such that, for r ≥ r2,
d
dr
(
|X+|2 + |X−|2
)
≤ a
r
(|X+|2 + |X−|2)
for some constant 0 < a < 1. Therefore,
|X+|2 + |X−|2 ≤ Cra
for some constant C. Thus∫
{r>r1}
|Ψ|2 dµ ≤ C ′
∫ ∞
r1
ra−2dr <∞.
Q.E.D.
Finally, we guess that there exists normalizable massive Dirac particle
with mass less than |Q| + κ2 in non-extreme Kerr-Newman-AdS spacetime.
For the special case a = 0 and spacetime is Schwarzschild-AdS:
g˜SAdS =−Wdt2 + 1
W
dr2 + r2(dθ2 + sin2 θdϕ2),
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where
W = 1− 2m
r
+ κ2r2 =
∆r
r2
,
there does exist static, normalizable massless Dirac particle
Ψ = e
i
2
ϕS−1

sinh
(− ∫ r
r0
r−1W−
1
2 dr
)
sin θ2
cosh
(− ∫ r
r0
r−1W−
1
2 dr
)
cos θ2
cosh
(− ∫ r
r0
r−1W−
1
2dr
)
sin θ2
sinh
(− ∫ r
r0
r−1W−
1
2 dr
)
cos θ2

with k = −1, ε = −1, ω = λ = 0.
4. General stationary axisymmetric spacetimes
In this section, we use the argument in [7] to study the analogous nonex-
istence for general stationary axisymmetric spacetimes with negative cos-
mological constant. The general stationary axisymmetric solutions for the
Einstein field equations can be written as
ds2 =
∆µ(dχ+ ν
2dψ)2 −∆ν(dχ− µ2dψ)2
ν2 + µ2
+ (ν2 + µ2)
(dν2
∆ν
+
dµ2
∆µ
)
, (4.1)
with the potential
A =
1
ν2 + µ2
(
H(ν)(dχ − µ2dψ) +K(µ)(dχ+ ν2dψ)), (4.2)
where ∆µ, ∆ν are smooth functions depending only on µ, ν respectively,
−∞ < χ, ν <∞, 0 ≤ ψ < 2π, −a < µ < a for some positive constant a. We
refer to [3] for choices of these functions for Kerr-Newman-AdS spacetime.
Consider the Dirac equation
(D + iλ)Ψ = 0, Ψ = S−1Φ, Φ = e−i(ωχ+kψ)

X−(ν)Y−(µ)
X+(ν)Y+(µ)
X+(ν)Y−(µ)
X−(ν)Y+(µ)
 (4.3)
for real eigenvalue λ and diagonal matrix
S = |∆ν |
1
4 diag
(
(ν + iµ)
1
2 ,
(
(ν + iµ)
1
2 ,
(
(ν − iµ) 12 , ((ν − iµ) 12 ).
It is equivalent to the following equations in the region ∆ν > 0 (c.f. [7])
D1φ = D2φ, φ =

X−(ν)Y−(µ)
X+(ν)Y+(µ)
X+(ν)Y−(µ)
X−(ν)Y+(µ)

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where
D1 =

−iλν 0 √∆νDν+ 0
0 iλν 0
√
∆νDν−√
∆νDν− 0 iλν 0
0
√
∆νDν+ 0 −iλν
 ,
D2 =

λµ 0 0
√
∆µLµ+
0 −λµ −√∆µLµ− 0
0
√
∆µLµ− λµ 0
−√∆µLµ+ 0 0 −λµ

with
Dν± =
∂
∂ν
∓ i
∆ν
(
ων2 +H(ν)− k) .
Thus there exists a real constant ǫ such that
dX+(ν)
dν
− iαX+(ν)− (iβ + γ)X−(ν) = 0,
dX−(ν)
dν
+ iαX−(ν) + (iβ − γ)X+(ν) = 0
(4.4)
where
α =
1
∆ν
(
ων2 +H(ν)− k
)
, β =
λν√
∆ν
, γ =
ǫ√
∆ν
.
Similar equations can also be obtained in the region ∆ν < 0. Now we
introduce the following conditions:
(A) the asymptotic behavior 0 < limν→±∞(∆µ − ν−4µ4∆ν) < ∞ since
the the slice {χ = constant} is asymptotically AdS;
(B) ∆ν has only simple roots ν1 < · · · < νe, which are the horizons;
(C) X+ = 0 or X− = 0 on the horizons which can match the solution
inside and outside the horizons.
Theorem 4.1. Denote Mν∗ the slice {χ = constant} of the spacetime with
ν ≥ ν∗ > νe for some ν∗ > 0. Under the conditions (A), (B) and (C), any
solution Ψ of (4.3) which is Lp over Mν∗ for 0 < p ≤ 43 must be zero.
Proof: In terms of (4.4) and (B), we obtain: (i) |Φ| < ∞ on ν = νe; (ii)
|Φ| = 0 on ν = νe implies that |Φ| = 0 on νe < ν ≤ ν∗.
On the other hand, (4.4) gives that
d
dν
(
|X+|2 − |X−|2
)
= 0.
This implies that
|X+|2 − |X−|2 = C
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for some constant C. If C 6= 0, we can assume C > 0 without loss of
generality. Thus ∫
Mν∗
|Ψ|p dv > C ′
∫ ∞
ν∗
ν1−
3p
2 dν =∞
for 0 < p ≤ 43 under the condition (A). This contradicts the assumption
that Ψ is Lp. Thus C = 0. Hence |X+|2 = |X−|2 for ν > νe. The above
discussion shows that |X±| exists on ν = νe. So the condition (C) gives
|X+| = |X−| = 0 on ν = νe. Therefore Φ ≡ 0 for ν ≥ νe. The similar
argument can show that Φ ≡ 0 on the whole slice. Q.E.D.
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